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723. 
VARIOUS NOTES. 


[From the Messenger of Mathematics, vol. vii. (1879), pp. 45—46, 126, 127.] 


An Algebraical Identity: p. 45. 
Let a, b, c, f, g, h be the differences of four quantities a, 8, y, ò, say 
a, b, ae: J, h=B-y, yg, a—B, a—6, B—6, y— ð; 


then 
h—g+a=0, 


—h .+f+b=0, 
g-f .+c=0, 
-a-b-c .=0. 
Now Cauchy's identity 
(a+by — a — b = Tab (a + b) (a + ab + bY, 
putting therein a+b=—c, becomes 
a+b += Tabe (be +ca+ab’; 


hence we have 
W — g + a? = — Tagh (— ga + ah — hg¥, 


-Kë . +f7+0 =—Thhf (— hb + bf — fhY, 
J-F -+8 =- Tefg (= fe + eg gf}, 
=b -g . =—Tabe( be +ca+ab); 
whence, adding, 
agh (— ga + ah — hg) + bhf (— hb + bf — fh? + cfg (—fe + eg — gf Y + abe (be + ca + aby? = 0, 
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or, as this may also be written, 
agh (+h +a +bhf (k +f?+eF+cfg (f+ F+ EF +abe (+b +e) O, 
an identity if a, b, c, f, g, h denote their values in terms of a, 8, y, 6 


Note on a Definite Integral: p. 126. 


The integral 
| 1 kearde 
=] y0 -e 1-FA’ 


used by Weierstrass, is at once seen to be =K — Æ; but the proof that the other integral 
t 
k kæde 


T=) eo i BET 


is = Æ’ is not so immediate. 


We have 
d yVA-y)___ l-4 +key 


dy (l-k) (Q -ypa -keyp 
and thence 


(= kp’ 


o=f (1 -2y + kyt) dy , 


viz. replacing the numerator by 


i +y ti uy ke a), 
this becomes 
o=-F l. Sos es +z < Ai Ya 
o l-yFl—-kry) o Ud-y} 


that is, 
pik sey ee} 
o -yEyE T 


E; 
or, writing ẹķ' for k, 
l d 1 
i i a pe. 
o -yF k k 


The integral J’ writing therein æ = ist eS hyeeomies 


VA- 
1 d 
Pap y : 
o l-yyd—ky) 
viz. its value is thus = Z’. 
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On a Formula in Elliptic Functions: p. 127. 


Writing en u = , then the formule p. 63 of my Elliptic Functions give 


sn uti, en (u+) =at; 


and, substituting for 7, 7”, B, B’, and C, C’ their values, we obtain 


shuenv+snven w 


sn (u +v) = ——- 
( ) 1 + ksnuen usnvenv’ 


en ven v —snu sny 
1— ksnuenusnvenv’ 


en (u + v) = 


formulæ which, as regards their numerators, correspond precisely with the formulæ, 


sin (u + v) = sin u cos v + sin v cos u 
and 
* cos (u + v) = cos u cos v — sin u sin v, 


of the circular functions, and which in fact reduce themselves to these on putting k= 0. 


The foregoing formule, putting therein *=—1, are the formule given by Gauss, 
Werke, t. 111., p. 404, for the lemniscate functions sin lemn (a+b) and cos lemn (a + b); 
where it is to be observed that these notations do not represent a sine and a cosine, 
but they are related as the sn and en, viz. that i 


cos lemn a =4(1 — sin lemn? a) + y (1 + sin lemn? a). 
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